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The validity of the integral criterion of stability of synchronized 
motion in problems on autosynchronization af mechanical vibrators was 
first established for a number of special examples [ 1 I. An investigation 
of those same examples suggested the idea of the possibility of simplify- 
ing the derivation of the relations for the determination of the phases 
of rotation of the vibrators in synchronized motions. 

In this paper it is shown that, in the general case, the results of 
the investigation of synchronized motions obtained in using a simplified 
method for the determination of the phases and of the integral criterion 
of stability of motion coincide exactly with the results of the solution 
of the problem by the methods of Poinc& and Liapunov 12 1 . 

1. Let us consider the more general case of the problem on the auto- 
synchronization of an arbitrary number k of mechanical vibrators when the 
latter are installed on one or several solid bodies (vibrating organs) 
which are connected with each other and with a fixed base by means of a 
system of elastic elements having v degrees of freedom. The deviations 
of the mentioned bodies from the position of static equilibrium are de- 
scribed by generalized coordinates xl, . . . . +,, while the position of the 
rotors of the vibrators is given in terms of their angles of rotation 

4s 1’ .*** $??$ relative to some fixed direction. 

Synchronized motions of a system are motions of the form 

‘ps = 6, lwt i- 0,Wl (8 =l....,k)r xr = zr (ot) (;P = l,...,V) (1.1) 

where $s and xr afe periodic functions of time with period *n/o, ub= rt 1. 
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In the treatment of the problem on synchronized motions of vibrators 

with equal and positive partial velocities far away from resonance by 

the methods of Poincare' and Liapunov [2,3 1, the initial approximation 

(generating solution) 

cp s (0) = 5, (ot + CL& xl. (0) = X,(O) (wt) (1.2) 

is easily seen to satisfy the equations* 

d dL 8L 
------ =() 

dt z W, (aI, , a,) = o (s = l,...,h) (1.4) 

where L = L(xl, . . . . xv; i,, . . ., 4; qil, . .., &l &, . . ., +k) are func- 

tions of the Lagrange system, while the W, are quantities which are 

called in [3 I vibrational moments; L is a periodic function of & of 

period 2~. Prom the last k equations one can determine (to within an 

additive constant) the values of the "generating phases" as = as* to 

which there can correspond synchronized motions. 

2. Before we pass to the proof of the proposition of 11 I, we shall 
prove a more general assertion which can be used with slight modifica- 

tions also in the solution of other nonlinear problems. 

We shall show that Equations (1.4) for the determination of the 

generating phases as* coincide with the conditions for the stability of 

the mean value over the period ZR/W of Lagrange's function of the entire 

system evaluated for the generating solution (1.2) 

2n/o 
0 

A = A (2‘. , r,<) == 2jr 
s [Llo dt (2.1) 

0 

and that the conditions of stability of synchronized motions, found by 

the methods of Ppincare and Liapunov [2.3 1 for the case of vibrators 
which have the same positive partial velocities, can be obtained from 

the requirement that the values of the phases as*, which correspond to 

the synchronized motion under consideration, should make the function 

ACal, . . . . ak) a maximum. 

Let us compute the derivative aA/aaS. After some simple operations 
which involve integration by parts, the use of the relations (1.3), (1.4) 

l The square brackets with the subscript e denote that the enclosed func- 

tions of the generalized coordinates are evaluated for the generating 

solution (1.2). 
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and a consideration of the periodicity of the solution (1.2). we obtain 

~[~]o~)dt= gi 2n(p+p]o fgd,. z i: y@[$&- 
j-1 i j=l 0 

d aL --- 1 
acFj!O) 

0 d aL 
--_dt=_a - 

dt @j ,. %T 
*2n 

-7 dt=-W’,I(?Li,....,q.) 
dt aqs 1 (2.2) 

o 

Thus the condition dh/au, = 0 coincides with Equations (L4); and 
the first part of the proposition is proved. 

For the proof of the second part we expand the function &a,, . . . . ak) 

into a power series around the point which corresponds to the solution 

Ql.8 a.., a&* of Equation (1.4). In view of (2.2) and (1.4) the Linear 
term of this series is zero and 

a= a’ far - &?*)(aj - aj*) +. . . (2.3) 
r=l j=l 

where the omitted terms are of order higher than two in the variables 
al - al+* . . . . ak - ak’. In order that the function A has a maximum at 
the point (al*, . .., ah *). it is sufficient that the quadratic form 

@=-Ii Ii (T)_. (a, - a,*)@,-aj') 

r=l j=l 

(2.4) 

be definite-negative. In order that this may be true, it is necessarJr and 
sufficient [4 1 that all the roots of the algebraic kth degree equation 

@ri in Kronecker’ s symbol) 

(2.5) 

be negative. We note that all the roots of Equation (2.5) are real be- 
cause 

If even one of the roots of Equation (2.51 is Positive, then the form 
(2.4) will no longer be a definite form, and there is no maximum. The 
case when there are zero roots is unsettled and requires, in general, an 
investigation of the terms of higher order in the expansion (2.5). 
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We note that in consequence of the autonomy of the initial system of 

equations, the constants a8 enter into the expressions for n and WS only 

in the form of the differences ut - as. Hence, the indicated expressions 

do not change if each a, is replaced by an ar + ao, where a,, is an arbi- 

trary constant. The function A. therefore, does not change along the 

hyperline aI = ml* i- aO* . . . , ak = ak* -!- Uo, and Equation (2.5). in this 

case. has always one zero root. This, however, does not affeEt the argu- 

ment on the nature of the stationary point. The requirement that the re- 

maining k-l roots of Equation (2.5) be negative is, therefore, a suffi- 

cient condition for a maximum of the function A. If, however, one of the 

roots is Positive, a maximum cannot exist. The case of more than One 

zero root is not settled. These last results are, however, exactly the 

conditions for stability of synchronized motion obtained by the methods 

of Liapunov and Poincar6 [ 2.3 I. 

This completes the proof of the second Part of the stated Proposition. 

Note. The Presence of the root z = 0 in our case can be PrOV8d direct- 

ly if one differentiates 

w, (u1* + a,, . . 1 uk* + u@) E w, (ul*, . . , ak’) 

with respect to a,, and then sets a0 = 0. One thus obtains the result that 

5 (aww,!C%X,),=,* = 0 

s=1 

from which it follows that if one adds to the elements of any one column 

of the determinant (2.5) the elements of all other columns then one ob- 

tains a column whose elements are equal to - Z. 

We note that if the stationary character of the function f% for all 

Possible synchronized motions follows from HamiLton’s principle then, 

since A differs from the motion in the Hamilton sense for the correspond- 

ing system by a factor, the argument on the nature of the stationary 

point in the given case cannot be obtained by starting out with Hamilton’s 

principle, for the motion is taken over a finite and not over a suffi- 

ciently small interval of time 15 I. 

3. For the proof of the Proposition given in El 1 one needs to Prove, 

on the basis of Equation (2.3), only the relation 

dh ~ =- 
aas -$=--WS(II,...,U~) 

s 

where A,, is the mean, over the period 2n/o, of the value of Lagrangeis 

function L, of the auxiliary bodies computed for the solution (1.2). Re- 

Presenting Lagrange’s function L in the form 
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L = Lo + Ll (3.2j 

we note that L, is a quadratic form in xl, . . . , xv and il. . . . . i,, while 
L, is, in the given case, the sum of a quadratic form in the variables 

@I, . ..I +k* of a linear form in ;I, . . . , iv with coefficients depending 

on $1, . . . . 4 and 41, . . . . &I and of a periodic (with period 21~ ) func- 
tion (depending only on the coordinates $I, . . . . A) whose mean value 
over the period is zero. 

In view of what has been said, we have 

where B is a quantity independent of al, . . . . ok. Differentiating these 
identities, which were set up for the solution (1.2) with respect to as, 

we obtain after some simplifications 

Making use of these equations and of (2.2). we find that 

=& 

Y 2nJw 
l3.51 

= v 
Xj 

(0) a 3% & 
j=1 ;1 L 1 aU, aXj o 

+ I&(O) -$ dL, 
' 

[ 11 
8 aXj o 

Whence, bearing in mind (1.2) and (1.31, we obtain 

(3.6) 



This proves the validity of Equation (3.1). At the same time we have 

established the equivalence of the condition of stationary character of 
the function &(a,, . . . , ah) to the validity of Equation (1.4) for the 
determination of the generating phases a8 = as*, and the equivalence of 
the condition of the existence of a minimum of this function to the con- 
dition of stability of the synchronized motion. 

1. Blekhman, I. I. and Lavrov. B.P., Ob odnom integral* nom priznake 
ustoichivosti dvishenifa (On a criterion of stability of motion). 
PMM Vol, 24, No. 5. 1960. 

2. Blekhman, I. I., 0 samosinkhronizatsii mekhanicheskikh vibratorov (On 
selfsynchronization of mechanical vibrators), Izv. Akad. Nauk SSSR, 

O?W No. 6, 1958. 

3. Blekhman, I. I., Dinamika privoda vibratsionnykh mashin so mnogimi 
vibratorami (Dynamics of driving of vibrating machines with many 
vibrators). Izv. Akad. Nauk SSSR, OlE %ekAamika nashinostroenie” 

(illcchamics and rachine construction) NQ. 1, 1960. 

4. Gantmakher, P.R. and Krein, F&G., Ostailliatsionnye natritsy i rolye 

kolebaniia rekhanicheskikh sister (Oscilbtory Matrices and Snalf 

Oscillations of Mechanical SysteBs). &TX, 1950. 

5. Dzhanelidze, G. Iu. and Lur’ e. A. I., 0 primenenii integral’nykh i 
variatsionnykh printsipov mekhaniki v zadachakh kolebanii (On the 
application of integral and variational principles of mechanics in 
problems of oscillations). PM! Vol. 24. No. 1. 1960. 

Trams lated hy H.P.T. 


