JUSTIFICATION OF THE INTEGRAL CRITERION OF
STABILITY OF MOTION IN PROBLEMS ON
AUTOSYNCHRONIZATION OF VIBRATORS

(OBOSNOVANIE INTEGRAL’NOGO PRIZNAKA USTOICHIVOSTI
DVIZHENIIA V ZADACHAKH 0 SAMOSINKHRONIZATSIX
VIBRATOROV)

PHMM Vol.24, No.6, 1960, pp. 1100-1403

I.I. BLEKHMAN
(Leningrad)

(Received April 6, 1960)

The validity of the integral criterion of gtability of synchronized
motion in problems on autosynchronization of mechanical vibrators was
first established for a number of special examples [1 J. An investigation
of those same examples suggested the idea of the possibility of simplify-
ing the derivation of the relations for the determination of the phases
of rotation of the vibrators in synchronized motions.

In this paper it is shown that, in the general case, the results of
the investigation of synchronized motions obtained in using a simplified
method for the determination of the phases and of the integral criterion
of stability of motion coincide exactly with the results of the solution
of the problem by the methods of Poincaré and Liapunov [2 ].

1. Let us consider the more general case of the problem on the auto-
synchronization of an arbitrary number k of mechanical vibrators when the
latter are installed on one or several solid bodies (vibrating organs)
which are connected with each other and with a fixed base by means of a
system of elastic elements having v degrees of freedom. The deviations
of the mentioned bodies from the position of static equilibrium are de-
scribed by generalized coordinates %y, »ses %,, While the position of the
rotors of the vibrators is given in terms of their angles of rotation
@1+ <« ¢ relative to some fixed direction.

Synchronized motions of a system are motions of the form

@, =06, [0t +P(@))]  (=1,...4) z, =z, (0l) (r=1,..,%) (1.1

where ¢; and z, are periodic functions of time with period 2n7/w, os==i 1,
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In the treatment of the problem on synchronized motions of vibrators
with equal and positive partial velocities far away from resonance by
the methods of Poincaré and Liapunov [2,3 ], the initial approximation
(generating solution)

cpS(O) = g, (wt + a’s)’ xrm) — xr(o) (wt) (1.2)

is easily seen to satisfy the equations*®

d oL oL
- — — 1.3
Lit 05€r Oz, ]0 ° =t (-
o e rd 6 oL }
P — - =W s =0 =1,... : 1.4
Js 5q 5 Ld oQs Jodt s (a1 Otk) (s=1,...,k) (1.4)
0

where L = Lz, ..., 2,; Xy e %, $1s eees Ppo Pyps ... Pp) are func-
tions of the lLagrange system, while the W are quantities which are
called in [3 ] vibrational moments; L is a periodic function of ¢3 of
period 27. From the last k equations one can determine (to within an
additive constant) the values of the "generating phases" a, = as‘ to
which there can correspond synchronized motions.

2. Before we pass to the proof of the proposition of [1 ], we shall
prove a more general assertion which can be used with slight modifica-
tions also in the svlution of other nonlinear problems.

We shall show that Equations (1.4) for the determination of the
generating phases as' coincide with the conditions for the stability of
the mean value over the period 2#/w of Lagrange’s function of the entire
system evaluated for the generating solution (1,2)

an/w
A=Al )= 5 S [L],dt 2.1)
]

and that the conditions of stability of synchronized motions, found by
the methods of Poincaré and Liapunov [2,3 ] for the case of vibrators
which have the same positive partial velocities, can be obtained from
the requirement that the values of the phases as‘, which correspond to
the synchronized motion under consideration, should make the function
Aa,, ..., a,) a maximum,

Let us compute the derivative 31\/(9as. After some simple operations
which involve integration by parts, the use of the relations (1.3), (1.4)

* The square bracKkets with the subscript o denote that the enclosed func-

tions of the generalized coordinates are evaluated for the generating
solution (1.2).
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and a consideration of the periodicity of the solution (1.2), we obtain

v o 2n . k om/w
A _ 22<m{[aL]azj(°) +[§£] az,-“’)}dt_i_ @ 3¢ { aL] o4
da, ~ 2m Pl 0z; 0 da, &% o da, 2% Pl [ P; fo da,
+{6L} 99, }d: ® é’"’gﬁ" {ar. d aL] 02, it O ézxsm[,af‘
— = 3 p ol TR T3 o —
@i lo 9% 2n &0 dzr; dt dz; 1, da, 2n Pl 5
)] 2n/w
d&L"a%" [at. daL]
- t=0, e ——— | At =—W(ay ..., 00 (2.2
dt ag; 1y oa, 82n S 09, ~ dt gq, !, s

Thus the condition 8A/8as = 0 coincides with Equations (1.4); and
the first part of the proposition is proved.

For the proof of the second part we expand the function A(al. sees ap)
into a power series around the point which corresponds to the solution
@;* ..., @,* of Equation (1.4). In view of (2.2) and (1.4) the linear
term of this series is zero and

ow,
Afag, ..., om)— A(a*, .. k*)=—2 Z ( )a= o O — e —at) 4. (2.3)

r=1j=1

where the omitted terms are of order higher than two in the variables
a; - ai‘. vees Qg — a&‘. In order that the functiom A has a maximum at
the point (al‘. N ak*), it is sufficient that the quadratic form

: oW,

0--33 (%

r=1j=1

)ﬂ=&' (ar - ar*)(al—aj‘) (24)

be definite-negative. In order that this may be true, it is necessary and
sufficient [4 ] that all the roots of the algebraic kth degree equation
(0 _. in Kronecker’s symbol)

rJ
( aw, )
—_ — 8.2
, a"'_’i J a=a* &

be negative. We note that all the roots of Equation (2.5) are real be-

cause
oW, /3”’5 rOBA N
( 92 )a=a‘ B ( o, )a:a' B ( 34, du; )

i /a=a*

=0 ri="1,..., % (2.5)

If even one of the roots of Equation (2.5) is positive, then the form
(2.4) will no longer be a definite form, and there is no maximum. The
case when there are zero roots is unsettled and requires, in gemeral, an
investigation of the terms of higher order in the expansion (2.3).
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We note that in consequence of the autonomy of the initial system of
equations, the constants a, enter into the expressions for A and ¥, only
in the form of the differences a —a. Hence, the indicated expressions
do not change if each a, is replaced by an a, + a,, where a, is an arbi-
trary constant. The function A, therefore, does not change along the
hyperline a; = a;* + @or «eey @p = ap* + a,, and Equation (2.5), in this
case, has always one zero root. This, however, does not affe®t the argu-
ment on the nature of the stationary point. The requirement that the re-
maining k-1 roots of EBquation (2.5) be negative is, therefore, a suffi-
cient condition for & maximum of the function A. If, however, one of the
roots is positive, a maximum cannot exist. The case of more than one
zero root is not settled. These last results are, however, exactly the
conditions for stability of synchronized motion obtained by the methods
of Liapunov and Poincaré [2,31].

This completes the proof of the second part of the stated proposition.

Note. The presence of the root z = 0 in our case can be proved direct-
1y if one differentisates

Wr(al* +og, ., ar¥ ) =W (o, L ax®)

with respect to a, and then sets a, = 0, One thus obtains the result that
k
D) @OW,180)y e =0

s=1

from which it follows that if one adds to the elements of any one column
of the determinant (2.5) the elements of all other columns then one ob-
tains a column whose elements are equal to — z.

We note that if the stationary character of the function A for all
possible synchronized motions follows from Hamilton’s primciple then,
since A differs from the motion in the Hamilton sense for the correspond-
ing system by a factor, the argument on the nature of the stationary
point in the given case cannot be obtained by starting out with Hamilton’s
principle, for the motion is taken over a finite and not over a suffi-
ciently small interval of time [5 ].

3. For the proof of the proposition given in [1 ] one needs to prove,
on the basis of Equation (2.3), only the relation

A dA
"5&"5‘ .-:—*(,qumws (2, ..., i) (3.1)

where Aw,is the mean, over the period 27/w, of the value of Lagrange's
function'Lo of the auxiliary bodies computed for the solution (1.2). Re-
presenting Lagrange’'s function L in the form
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L=1Ly41I, (3.2)

we note that L, is a quadratic form in z,, ..., x, and z}, ..., %,, while
L1 is, in the given case, the sum of a quadratic form in the variables

¢>1, cees qSk, of a linear form in 5:1. e :E,, with coefficlients depending
on¢,, ..., ¢, and ¢, ..., ¢, and of a periodic (with period 27 ) func-

tion (depending only on the coordinates ¢1. cses ¢%) whose mean value
over the period is zero.

In view of what has been said, we have

anjo v 2/ v (3.3).
oL . 0L dL,
() 11dt = . e S b ) =2[
S Z % [695 ]0 S (Edlodt - B, Z (x’ oz T 0z; ’

0 j=1 0 i=1

where B is a quantity independent of Qys eeny Q. Differentiating these

identities, which were set up for the solution (1.2) with respect to a,,
we obtain after some simplifications

anfo v 2n/o k 3w.® 90.®

a P oL P
R R A1 R R Fl s S R
6 =1 ¢ L 0z; ] 0 =1 7o T i o )
. 8 [ 0L, a [ oL, ’ 0L, 83:]-(0) 0Ly 8z,
3 {8 (] [ 22] - B[22+ 52
Pt dag | 92; |, %0z | £ ilo 9% 0x; 1o “day

Making use of these equations and of (2.2), we find that
3/

A © é S oL 7 09, e ag; @ e O 2"§°’, 0.0 [a/:1 J N
_— =5 -_— - —_ = 5 A e B

b5/ 2n sl o9; |, Gos ag; Jo 0% 2n & i Ou,l Oz o
8o gj 2"§“’ aLo 0a% L[k %0,

dag — 2 P o 9Jag 3},;;'_ . da,g

[3.5)

v
® 0 [ 6L . /] oL
Jp (0 — 0 0 [ =0
=3 2 S{J 6as[6 ]'*‘”J' 6as[a§¢.] }dt
=1 0 0 i-o

z;
Whence, bearing im mind (1.2) and (1.3), we obtain

2n/w

(Aot A) 0\ o 9 0"0 @ 9 [oL7 .
—75!:—:"'":!\ S{J 9, 0+x1 da, "Jo}“l—;

i=1 Ozj
v 27'/
w' i) a aL
el o) —
“w 2 | { EAEART [«n ] foe=
v 2%/
IR d [, 2 [2L -
= 2a dt{ i 9%, | 8%, dt =0 (3.6)
j=1 1 J0

Se
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This proves the validity of Equation (3.1). At the same time we have
established the equivalence of the condition of stationary character of
the function Av(al, +++, @) to the validity of Equation (1.4) for the
determination of the generating phases a, = as'. and the equivalence of
the condition of the existence of a minimum of this function to the con-
dition of gtability of the synchronized motion.
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